Published by Institute of Physics Publishing for SISSA Received: July 29, 2005 Accepted: September 5, 2005 Published: September 19, 2005

Impact of supersymmetry on the nonperturbative dynamics of fuzzy spheres

Konstantinos N. Anagnostopoulos,^a Takehiro Azuma,^b Keiichi Nagao^{bc} and Jun Nishimura^{bd}

aPhysics Department, National Technical University Zografou Campus, GR-15780 Athens, Greece bHigh Energy Accelerator Research Organization (KEK) 1-1 Oho, Tsukuba 305-0801, Japan cTheoretical Physics Laboratory, College of Education Ibaraki University, 2-1-1 Bunkyo, Mito, Ibaraki 310-8512, Japan dDepartment of Particle and Nuclear Physics Graduate University for Advanced Studies (SOKENDAI) 1-1 Oho, Tsukuba 305-0801, Japan E-mail: konstant@physics.uoc.gr, azumat@post.kek.jp, nagao@mx.ibaraki.ac.jp,

jnishi@post.kek.jp

Abstract: We study a 4d supersymmetric matrix model with a cubic term, which incorporates fuzzy spheres as classical solutions, using Monte Carlo simulations and perturbative calculations. The fuzzy sphere in the supersymmetric model turns out to be always stable if the large-N limit is taken in such a way that various correlation functions scale. This is in striking contrast to analogous bosonic models, where the fuzzy sphere decays into the pure Yang-Mills vacuum due to quantum effects when the coefficient of the cubic term becomes smaller than a critical value. We also find that the power-law tail of the eigenvalue distribution, which exists in the supersymmetric model without the cubic term, disappears in the presence of the fuzzy sphere in the large-N limit. Coincident fuzzy spheres turn out to be unstable, which implies that the dynamically generated gauge group is U(1).

Keywords: Nonperturbative Effects, Non-Commutative Geometry, Matrix Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep092005046 /jhep092005046 .pdf

Contents

1. Introduction 1

2. The model and the fuzzy sphere 3

3. Phase diagram 5 3.1 Monte Carlo results 5 3.2 Theoretical understanding based on the effective action 8

4. Geometrical structure 9 4.1 Power-law tail 9 4.2 Spherical geometry 10

5. Dynamical gauge group 11

6. Conclusion 12

A. Details of the Monte Carlo simulation 13

B. One-loop free energy 15 B.1 Single fuzzy sphere 17 B.2 k coincident fuzzy spheres 19

C. One-loop calculation of various observables 20 C.1 Propagators and the tadpole 20 C.2 One-loop results for various observables 20 C.3 Alternative derivation 21

1. Introduction

Matrix models are considered as one of the most promising candidates for a nonperturbative formulation of string theories. Indeed some concrete models are proposed as constructive definitions of superstring and M theories [1, 2]. These models are obtained from the dimensional reduction of super Yang-Mills theory in ten dimensions. In a broad sense, such models belong to the class of the so-called dimensionally reduced models [3] (or large-N reduced models), which were studied intensively in the eighties as an equivalent description of large-N gauge theories. Unlike the old models, however, the new models are written in terms of hermitean matrices, and they have manifest supersymmetry, which is expected to have crucial effects on their dynamics.^1

1See ref. [4] for a comprehensive review on these issues.

– 1 –

An important feature of these matrix models is that the space-time is not introduced from the outset, but it emerges dynamically as the eigenvalue distribution of the bosonic matrices. In fact there are certain evidences in the IIB matrix model [2] that fourdimensional space-time is generated dynamically [5 – 8]. In refs. [5 – 7] the free energy of space-time with various dimensionality has been calculated using the gaussian expansion method, and the free energy turned out to take the minimum value for the four-dimensional space-time. In ref. [8] it was found that the fuzzy S^2 ×S^2 (but not the fuzzy S^2) is a solution to the 2-loop effective action. See also refs. [9 – 20] for related works on this issue.

By adding a Chern-Simons term to the matrix models, one obtains fuzzy spheres [21] as classical solutions [22 – 26], and their dynamical properties have been studied in refs. [27 – 39]. This provides a matrix description of the so-called Myers effect in string theory [40]. The emergence of a fuzzy sphere in matrix models may be regarded as a prototype of the dynamical generation of space-time since it has lower dimensionality than the original dimensionality that the model can actually describe. When k fuzzy spheres coincide, the gauge symmetry enhances from U(1)^k to U(k). By expanding the theory around such a solution, one obtains a U(k) gauge theory on a noncommutative geometry [23]. Therefore the model may also serve as a toy model for the dynamical generation of gauge group, which is expected to occur in the IIB matrix model [41].

In fact one can use the above matrix models to define a regularized field theory on the fuzzy sphere as has been done on a noncommutative torus [42], which enables nonperturbative studies of such theories from first principles [43]. This is motivated from the general expectation that noncommutative geometry provides a crucial link to string theory [44] and quantum gravity [45]. Yet another motivation is to use the fuzzy sphere (or its generalization [46, 47]) as a regularization scheme alternative to the lattice regularization [48]. Unlike the lattice, fuzzy spheres preserve the continuous symmetries of the space-time considered, and hence it is expected to ameliorate the well-known problem concerning chiral symmetry [49 – 63, 36] and supersymmetry. A challenge in this direction is to remove the effects of noncommutativity of the space-time in the “continuum limit”. The fuzzy sphere is also useful in the Coset Space Dimensional Reduction [64, 65], where one can take the compact part of space-time to be a fuzzy coset [66, 67].

Whatever the motivation is, the stability of fuzzy-sphere-like solutions is clearly one of the most important issues. In cases when there are more than one stable solutions, one can identify the true vacuum by comparing the corresponding free energy. This will be important in the dynamical determination of the space-time dimensionality and the gauge group in superstring theory. In the series of papers [68 – 73], we addressed such issues in various kinds of models using both perturbative calculations and Monte Carlo simulations. In ref. [68] we have studied the dimensionally reduced 3d Yang-Mills model with the Chern-Simons term, which has the fuzzy 2-sphere (S^2) as a classical solution [23]. We have found a first-order phase transition as we vary the coefficient (α) of the Chern- Simons term. For small α the large-N behavior of the model is the same as in the pure Yang-Mills model, whereas for large α a single fuzzy S^2 appears dynamically. In addition we find that the k coincident fuzzy spheres, which are also classical solutions of the same model, cannot be realized as the true vacuum in this model even in the large-N limit.

– 2 –

This implies that the dynamical gauge group is U(1) in this model. In refs. [69, 70, 73] we have extended this work to various matrix models, which incorporate four-dimensional fuzzy manifolds as classical solutions. While the fuzzy S^4 turned out to be unstable [69], we find that the fuzzy CP^2 [70] and the fuzzy S^2 × S^2 [73] are stable at large N although the true vacuum is actually given by the fuzzy S^2. In the latter two cases the gauge group generated dynamically turned out to be U(1) as well. In ref. [72], on the other hand, it has been shown for the first time that gauge groups of higher rank can be realized in the true vacuum by adding a mass term to the 3d Yang-Mills-Chern-Simons model.

The aim of the present paper is to study the impact of supersymmetry on the dynamics of the fuzzy spheres. The simplest 3d supersymmetric model [23] is problematic nonperturbatively since the partition function is divergent [74 – 78]. This leads us to study the 4d supersymmetric model with a cubic term instead. Indeed it turns out that the supersymmetry has striking effects. Unlike the bosonic models, the fuzzy sphere is always stable if the large-N limit is taken in such a way that various correlation functions scale. We also observe an interesting phenomenon that the power-law tail of the eigenvalue distribution, which exists in the supersymmetric models without the Chern-Simons term [79, 77], disappears in the presence of the fuzzy sphere in the large-N limit. Coincident fuzzy spheres turn out to be unstable, which implies that the dynamically generated gauge group is U(1) in the present model.

This paper is organized as follows. In section 2 we define the model and discuss its fuzzy sphere solutions. In section 3 we study the phase diagram of the model. In section 4 we study the geometrical structure of the dominant configurations. In section 5 we study coincident fuzzy spheres and discuss the dynamical gauge group. Section 6 is devoted to summary and discussions. In appendix A we explain the algorithm for our Monte Carlo simulations. In appendices B and C we provide the details of perturbative calculations.

2. The model and the fuzzy sphere

The model we study in this paper is defined by the action

S = S_b + S_f , (2.1)

S_b = N tr � �− 1 4 [ A_μ , A_ν ]^2 + 2 3 i α 3� i,j,k=1

ϵ_{ijk} A_i A_j A_k � � , (2.2)

S_f = −N tr � ψ̄_α (Γ_μ )_{αβ} [ A_μ , ψ_β ] � , (2.3)

where A_μ (μ = 1, 2, 3, 4) are N × N traceless hermitean (bosonic) matrices, and ψ_α , ψ̄_α (α = 1, 2) are N×N traceless complex (fermionic) matrices. Here and henceforth we assume that repeated Greek indices are summed over all possible integers. The ϵ_{ijk} (i, j, k = 1, 2, 3) is a totally anti-symmetric tensor with ϵ_{123} = 1. The 2 × 2 matrices Γ_μ are Weyl-projected gamma matrices in four dimensions, and they are given explicitly as

Γ_1 = � 0 1 1 0 � , Γ_2 = � 0 −i i 0 � , Γ_3 = � 1 0 0 −1 � , Γ_4 = � i 0 0 i � . (2.4)

– 3 –

The convergence of the integration over A_μ is a non-trivial issue since the integration region is non-compact. At α = 0 the partition function is finite for arbitrary N, as first conjectured by ref. [74] and proved later by ref. [77], and this remains to be the case also for α ≠ 0 [78]. Moreover, since the fermion determinant of this model is positive semi-definite (See ref. [11] for a proof), the model can be studied by Monte Carlo simulations without confronting the so-called sign problem. The pure super Yang-Mills model (α = 0), which may be regarded as the 4d version of the IIB matrix model [2], has been studied intensively [74, 11, 14, 15]. The sign problem does not occur even if one includes the cubic term, which is real.^2

For α = 0 the model has manifest SO(4) symmetry and supersymmetry. The cubic term in (2.2) obviously breaks the SO(4) symmetry down to SO(3). It also breaks supersymmetry, but the effects of breaking is “soft” since the power of A_μ is lower than the quartic term [31]. Therefore one may still anticipate to see peculiar effects of supersymmetry. We repeat that the 3d supersymmetric model, which has been studied perturbatively [23, 31], is actually problematic nonperturbatively since the partition function is divergent [74, 77, 78]. Therefore, the present 4d model is the simplest model that can be studied in order to examine the impact of supersymmetry on the fuzzy sphere dynamics.

Let us then consider the classical solutions of this model. For ψ = 0 the equation of motion reads

[ A_ν , [ A_ν , A_i ] ] + i α 3� j,k=1

ϵ_{ijk} [ A_j , A_k ] = 0 for i = 1, 2, 3 ,

[ A_ν , [ A_ν , A_4 ] ] = 0 . (2.5)

Apart from the solution given by commuting matrices, which exists also for α = 0, we have the fuzzy S^2 solution given by � A^{(S2)}_i = α L^{(N)}_i for i = 1, 2, 3 , A^{(S2)}_4 = 0 ,

(2.6)

where L^{(r)}_i (i = 1, 2, 3) represents the r-dimensional irreducible representation of the SU(2) Lie algebra � L^{(r)}_i , L^{(r)}_j � = i α ϵ_{ijk} L^{(r)}_k . (2.7)

The solution A^{(S2 )}_μ satisfies 3� i=1 � A^{(S2)}_i

�_2 = 1 4 (N^2 − 1) α^2 1_N , (2.8)

which implies that the “radius” of the fuzzy sphere is given by ρ = 1 2 α � N^2 − 1 . (2.9)

We consider more general solutions in section 5.

2This is in contrast to the Chern-Simon term in ordinary gauge theories in euclidean space-time, which is purely imaginary. Note that the coefficient α in (2.2) should be chosen to be real in order for fuzzy sphere solutions to exist.

– 4 –

3. Phase diagram

3.1 Monte Carlo results

In this section we calculate various quantities by Monte Carlo simulation and study the phase diagram of the model (2.1). We show results obtained by using the fuzzy sphere A^{(S2 )}_μ as the initial configuration, but we have checked that the result is the same for other initial configurations such as A_μ = 0 or some randomly generated configurations. For brevity we introduce the notation

F_{μν} = i [A_μ , A_ν ] , (3.1) M = 2 3 N i 3� i,j,k=1

ϵ_{ijk} tr ( A_i A_j A_k ) . (3.2)

We note that there is an exact result � 1 N tr (F_{μν} )^2 � + 3 α ⟨M⟩ = 6 � 1 − 1 N^2 � , (3.3)

which can be derived as in the bosonic case [68]. This result has been used to check our code for the simulation.

By performing one-loop calculation around the fuzzy sphere A^{(S2)}_μ , we obtain the leading large-N behaviors as (See appendix C for the details) � 1 N tr (F_{μν} )^2 � ≃ 1 2 α̃^4 + 6 , (3.4) 1 √ N ⟨M⟩ ≃ − 1 6 α̃^3 + 0 , (3.5) 1 N � 1 N tr (A_μ )^2 � ≃ 1 4 α̃^2 + 0 , (3.6)

where we have introduced the rescaled parameter

α̃ = α √ N . (3.7)

In the r.h.s. of eqs. (3.4) ∼ (3.6) the first term represents the classical result, and the second term represents the one-loop correction.

In figure 1 we plot the results for ⟨^1_N tr (F_{μν} )^2⟩ and^{1√}_N ⟨M⟩ obtained by Monte Carlo simulations. We find that Monte Carlo data agree with the one-loop results even at α̃ = 0. This is rather surprising since the expansion parameter in the perturbative calculation (at finite N) is^1_{α 4} . As we will see shortly, however, the system actually changes its behavior at α̃ ∝^{1√}_N , and the agreement in figure 1 below that point should rather be considered as accidental.

Let us then consider the quantity ⟨^1_N tr (A_μ )^2⟩, which we have postponed since it involves a subtle issue. At α = 0 this quantity is actually divergent even for finite N, as first observed in numerical studies [79] and further confirmed by ref. [14]. (Ref. [77] provides some analytical explanation.) On the other hand, from perturbative calculations

– 5 –

Figure 1: Various observables are plotted against α̃ = α √ N for N = 4, 8, 16. The dashed lines represent the one-loop results at large N.

Figure 2: The history of (^1_N tr (A_μ )^2)/N is shown for various α at N = 4. The horizontal lines represent the one-loop results for^1_N ⟨^1_N tr (A_μ )^2⟩.

around the fuzzy sphere, we obtain a finite result for finite N (See eqs. (C.6) and (C.7)). In order to clarify the situation, let us first look at the history of^1_N tr (A_μ )^2, which is plotted in figure 2 for various α at N = 4. The horizontal axis represents the number of “trajectories” in the hybrid Monte Carlo algorithm (See appendix A.) with the parameters ν = 100 and Δτ = 0.01. For α = 0 the history has a lot of spikes, and these spikes are responsible for the divergence of

�_1 N tr (A_μ )^2 � . As we increase α the spikes become less

– 6 –

Figure 3: On the left, Monte Carlo results for^{R√}_N are plotted against α̃ for N = 4, 8, 16. On the right the same data are plotted in a different scale. The straight lines represent the classical result R =^1_2 α̃ √ N for the fuzzy sphere solution.

frequent, and their height gets lowered. At α ≳ 1.1 the history looks quite regular. We also looked at the history at larger N, and find that it becomes regular (no spikes) for α ≳ 0.5 at N = 8 and for α ≳ 0.3 at N = 16. The transition point α_{tr} is roughly consistent with α_{tr} ∝^1_N (i.e., α̃_{tr} ∝^{1√}_N ).

According to ref. [78], switching on α does not change the convergence properties of the matrix integrals. Therefore, unless there is some special mechanism for canceling the leading divergence, we get

�_1 N tr (A_μ )^2 � = ∞ even for α ≠ 0. The reason why we get finite results by perturbative calculations should then be that such a calculation only include the region of the configuration space near the fuzzy sphere solution so that it does not take into account the configurations that have large^1_N tr (A_μ )^2, which may actually contribute crucially to the vacuum expectation value of that quantity.

One can, however, define a finite quantity [14] R = � 1 N tr (A_μ )^2 � , (3.8)

which is finite at α = 0 and behaves as O(1) at large N [11]^3 in the present parametrization of the action. Due to the argument of ref. [78], this quantity is finite also for α ≠ 0. We plot the Monte Carlo results for R/ √ N in figure 3 on the left as a function of α̃ for N = 4, 8 and 16. At large α̃ the data agree very well with the classical result R =^1_2 α̃ √ N for the fuzzy sphere solution.

In figure 3 on the right we plot R against α. We expect that R approaches a finite value in the large-N limit for each α in the small-α regime, and our data are roughly consistent with this picture. If we assume the transition to take place at the point where the fuzzy sphere result R ≃^1_2 α̃ √ N becomes comparable to the pure super Yang-Mills behavior R ≃ O(1), the transition point should be α̃ ∝^{1√}_N , which roughly agrees with the point α̃_{tr}, where the spikes in figure 2 get suppressed.

3Strictly speaking, ref. [11] studies a slightly different observable, but the large-N behavior is expected to be qualitatively the same.

– 7 –

Thus we conclude that the system actually undergoes some transition at α̃ ∝^{1√}_N , below which the system behaves similarly to the pure super Yang-Mills model (α = 0). The quantities in figure 1 are insensitive to the transition since their behavior in the pure super Yang-Mills phase just happens to be the same as in the fuzzy sphere phase. Note that ⟨M⟩_{α=0} = 0 due to parity symmetry A_i → −A_i, whereas from the perturbative expansion around the fuzzy sphere, one finds that the one-loop contribution to ⟨M⟩ is absent due to supersymmetry,^4 and as a consequence the result (C.9) has a smooth extrapolation to α = 0, which agrees with ⟨M⟩_{α=0} = 0. Since ⟨M⟩ and ⟨^1_N tr F^2⟩ are related to each other through the exact result (3.3), the agreement of the former propagates to that of the latter. Thus the success of one-loop results for these quantities in the small-α̃ regime does not mean that we are still in the fuzzy sphere phase, but it simply means that these quantities are insensitive to the transition from the fuzzy sphere phase to the pure super Yang-Mills phase.

The above results are in striking contrast to those obtained in the bosonic model [68], where we observed that the fuzzy sphere becomes unstable at some finite α̃, and various quantities show a hysteresis behavior, implying a first order phase transition.

3.2 Theoretical understanding based on the effective action

In the previous section we observed that the fuzzy sphere is stable in the large-N limit at any finite α̃ unlike the bosonic model. Here we would like to provide some theoretical understanding of the striking difference between the bosonic and supersymmetric cases based on the one-loop effective action. For that purpose let us consider a one-parameter family of configurations given by � A_i = β L^{(N)}_i for i = 1, 2, 3 , A_4 = 0 ,

(3.9)

where the fuzzy sphere solution (2.6) corresponds to β = α. The one-loop effective action around (3.9) can be calculated along the line described in appendix B, and we get the result at large N as 1 N^2

W^{(β)}_{1−loop} = � 1 8 β̃^4 − 1 6 α̃ β̃^3 � − log N , (3.10)

where β̃ = β √ N. The one-loop effective action has a minimum at β̃ = α̃ for arbitrary α̃.

In analogous calculations in the bosonic models [68, 70, 73], the one-loop contribution gives rise to a term proportional to log β̃. Due to this term the (local) minimum disappears below some critical α̃, which indeed agrees well with the Monte Carlo results. In the present supersymmetric case, the β̃-dependent one-loop term is absent due to supersymmetry. Thus we can understand the qualitative difference between the bosonic case and the supersymmetric case observed in Monte Carlo simulations.

4Note that the cubic term, which breaks supersymmetry softly, does not appear in the relevant one-loop calculation. This is not the case, however, at higher loop calculations.

– 8 –

4. Geometrical structure

In this section we study the geometrical structure of the dominant configurations in the supersymmetric model. For that purpose we consider the “Casimir operator”

Q = (A_μ )^2, (4.1)

and define its eigenvalue distribution f(x) as

f(x) = 1 N N� j=1 � δ(x − λ_j) � , (4.2)

where λ_j (j = 1, 2, . . . , N) represent the eigenvalues of Q. Let us note that

�_1 N tr (A_μ )^2 � discussed in the previous section is related to f(x) as � 1 N tr (A_μ )^2 � = � 1 N tr Q � = � 1 N N� j=1 λ_j � = �_∞ 0 x f(x) dx . (4.3)

In figure 4 we plot the eigenvalue distribution for the same set of α and N as in figure 2.

4.1 Power-law tail

The results for α = 0 reproduce the power-law behavior

f(x) ∝ x^{−2} , (4.4)

at large x, which has been first discovered in ref. [79] and studied also in ref. [80]. This is related to the divergence of

�_1 N tr (A_μ )^2 � discussed in section 3.1. In fact this quantity is known to diverge logarithmically [79], which explains the power in (4.4) due to (4.3).

At α = 0.7 the magnitude of the power-law tail becomes much weaker, but our data are consistent with the existence of the power-law tail. At α ≳ 1.1 the power-law tail becomes hardly visible, which corresponds to the disappearance of the spikes in the history of^1_N tr (A_μ )^2 seen in figure 2. If we assume that

�_1 N tr (A_μ )^2 � = ∞ for α ≠ 0, as we argued in the previous section, the power-law tail should be still there, but simply hidden by the main contribution coming from the fuzzy-sphere-like configurations.^5 Considering that those configurations are enhanced by the Boltzmann weight e^{const.α̃ 4N 2} at large α̃ compared with the configurations that give the power-law tail, we expect that the magnitude of the power-law tail decreases as e^{−const.α̃ 4N 2} . Therefore the power-law tail is expected to disappear completely if we take the large-N limit at fixed α̃.

5Within perturbative expansion around the fuzzy sphere configuration, we expect to obtain a distribution which decays faster since the n-th moment R dx x^nf(x) =^1_N ⟨tr {(Aμ )^2}^n⟩ can be calculated as a finite quantity to all orders.

– 9 –

Figure 4: The plot of the eigenvalue distribution f(x) of the Casimir operator Q for various α at N = 4. The dashed lines in the two upper figures represent a fit to the power-law behavior (4.4), and the vertical lines in the two lower figures represent the classical results (δ-function) for the single fuzzy sphere solution.

4.2 Spherical geometry

In order to clarify the geometrical structure of the fuzzy-sphere-like configurations, we decompose the Casimir operator Q as Q = Q^{(123)} + Q^{(4)}, where

Q^{(123)} = 3� i=1 (A_i)^2 , (4.5)

Q^{(4)} = (A_4)^2 , (4.6)

and calculate the eigenvalue distribution for Q^{(123)} and Q^{(4)}, which we denote as f^{(123)}(x) and f^{(4)}(x), respectively. Figure 5 shows the result for α = 1.5 at N = 4.

The figure on the right shows that the eigenvalues of Q^{(4)} is quite small, which can be understood from the one-loop result (C.7) for

�_1 N tr (A_4)^2 � 1−loop , which vanishes

as O(^1_{N 2} log N) in the large-N limit with fixed α̃. As a consequence the distribution f^{(123)}(x) shown on the left of the figure 5 is almost identical to f(x) shown on the bottom right of figure 4. We also find that f^{(123)}(x) is peaked around the classical result. Thus we confirm that the dominant configurations indeed have the geometry of a 2-sphere.

– 10 –

Figure 5: The functions f^{(123)}(x) and f^{(4)}(x), which are the eigenvalue distributions of the operator Q^{(123)} and Q^{(4)}, respectively, are plotted for α = 1.5 at N = 4. The classical result for the single fuzzy sphere solution is represented by the vertical line (δ-function) in the left figure.

At α = 0 the distribution f(x) has an empty region around x = 0. Similar behavior has been observed also in the bosonic model [68], and it can be understood by the uncertainty principle. Therefore the geometrical structure of the dominant configurations at α = 0 should rather be considered as that of a solid ball.

5. Dynamical gauge group

In fact the equation of motion (2.5) has a class of solutions of the form � � � A^{(kS2)}_i = α � L^{(n)}_i ⊗ 1_k � for i = 1, 2, 3 , A^{(kS2)}_4 = 0 ,

(5.1)

where N = n k. These solutions represent the k coincident fuzzy S^2, and the Casimir operator Q takes the value Q = 1 4 (n^2 − 1) α^2 1_N , (5.2)

meaning that the “radius” of the fuzzy spheres is given by ρ =^1_2 α √ n^2 − 1 ≃^1_{2 k} α N, which becomes smaller as k increases. By expanding the theory around such a configuration, one obtains noncommutative Yang-Mills theory with the U(k) gauge group [23].

In order to study the stability of such a configuration, we perform Monte Carlo simulation for N = 8 and α = 1.0 using the k = 2 coincident fuzzy spheres as the initial configuration. In figure 6 we plot the history of the eigenvalues of Q. The horizontal axis represents the number of “trajectories” in the hybrid Monte Carlo algorithm (See appendix A.) with the parameters ν = 100 and Δτ = 0.0001. Thus the k = 2 multi fuzzy sphere configuration is unstable and decays into the single fuzzy sphere.

This phenomenon can be understood by considering the free energy, which is calculated in appendix B up to one-loop. At large N the result reads 1 N^2

W^{(k)}_{1−loop} = − 1 24 k^2 α̃^4 − log N . (5.3)

– 11 –

Figure 6: The history of the eigenvalues of the Casimir operator Q obtained for N = 8, α = 1.0 using the k = 2 solution as the initial configuration. The horizontal lines represent classical results for the single fuzzy sphere (k = 1) and the two coincident fuzzy-spheres (k = 2), respectively.

Since the one-loop term represented by the second term is independent of k, we find that the free energy takes the smallest value for k = 1.

Although the conclusion concerning the dynamical gauge group is the same as in the bosonic models [68, 70, 73], we note that the reasoning is different. In the bosonic models the one-loop term in the free energy has the − log k^2 term, which actually favors large k. However, if one decreases α̃ so that the one-loop term becomes more important, the fuzzy sphere solutions disappear before the free energy starts to favor k > 1. In the present supersymmetric case, the fuzzy sphere solutions remain to be there, but due to the absence of the − log k^2 term, the k = 1 solution is always favored.

6. Conclusion

In this paper we have studied the dimensionally reduced 4d super Yang-Mills model with an extra Chern-Simons term, which incorporates fuzzy spheres as classical solutions. We have found that supersymmetry indeed has substantial effects on the dynamics of fuzzy spheres.

While the observables that appear in the action change continuously as we vary α, the model actually possesses two distinctive phases, which is demonstrated by a well-defined observable

�_1 N tr (A_μ )^2 � . The tail of the eigenvalue distribution changes drastically as one moves from one phase to the other. In the pure super Yang-Mills phase we observe the same power-law tail as the one known for α = 0, but it disappears in the fuzzy sphere phase in the large-N limit. This allows us to identify the critical point quite accurately. From our Monte Carlo data up to N = 16 and some theoretical considerations, we speculate that the transition point α̃_{tr} goes to zero as α̃_{tr} = O

�_{1√} N � . Our results are in sharp contrast to the results obtained for analogous bosonic models [68, 70, 73], where the fuzzy sphere becomes unstable at some finite critical α̃. A strong first-order phase transition has been observed in the bosonic models, and the (lower) critical point obtained by Monte Carlo simulation can be reproduced very well from the one-loop

– 12 – effective action. In the present paper we have shown that the one-loop term in the effective action vanishes up to an irrelevant constant due to supersymmetry. This explains our observation that the fuzzy sphere is stable down to vanishingly small α̃ at large N.

We have also studied the dynamical generation of the gauge group. In the bosonic case the quantum instability of the fuzzy spheres was an obstacle in obtaining a non-trivial gauge group in the true vacuum. In the present supersymmetric case, this instability is gone, but we also lost the one-loop term in the free energy for the coincident fuzzy spheres, which favors higher multiplicity. As a result, we obtain the U(1) gauge group again. We note, however, that this conclusion applies only to the fuzzy sphere phase, and whether we can obtain a nontrivial gauge group in supersymmetric models without a Chern-Simons term such as the IIB matrix model [2] is still an interesting open question.

Acknowledgments

We thank Hajime Aoki, Subrata Bal, Satoshi Iso, Kazuyuki Kanaya, Yoshihisa Kitazawa and Dan Tomino for valuable discussions. This work was partially funded by the “Pythagoras” and “Pythagoras II” project, which is co-funded by the European Social Fund (75%) and Greek National Resources (25%). The work of T.A. and J.N. was supported in part by Grant-in-Aid for Scientific Research (Nos. 03740 and 14740163, respectively) from the Ministry of Education, Culture, Sports, Science and Technology.

A. Details of the Monte Carlo simulation

In this section we explain the algorithm used for our simulation. Our algorithm is similar to the one adopted in ref. [11], but the crucial difference is that we make the Metropolis reject/accept procedure at the end of each trajectory. In the previous algorithm there was a systematic error due to discretization required for solving Hamilton’s equation, and the step size Δτ for the discretization had to be sent to zero. In the present algorithm we do not need such an extrapolation. Another difference is that we do not use the noisy estimator for estimating the r.h.s. of Hamilton’s equation since it causes some systematic error. Instead we invert the Dirac operator directly using the LU decomposition. Each of the two modifications increases the computational effort for making one trajectory (for fixed parameters in the algorithm) from O(N^5) to O(N^6), which is the price we have to pay to make the algorithm “exact”.

The “exact” algorithm is essentially the hybrid Monte Carlo (HMC) algorithm, which is used in studying the large-N behavior of the phase quenched version of the IIB matrix model [12]. In that case the one-loop approximation has been used to decrease the computational effort from O(N^6) to O(N^3). The hybrid algorithms are standard in full QCD simulations, and it is useful also in simulating matrix models as demonstrated in refs. [11, 12]. If we had used the Metropolis algorithm [14] in the present model, for instance, the computational effort would have been O(N^8). Note, however, that simulating

– 13 – matrix models is generally harder than simulating field theories due to the non-local nature of the interaction. Even in the bosonic case, the computational effort is at least O(N^3), which grows faster than the number of d.o.f., which is O(N^2).

Let us first recall an explicit form of the fermion determinant derived in ref. [11]. We define a complete basis for the general complex N × N matrices as

(t^a)_{ij} = δ_{i ia} δ_{j ja} (a = 1, 2, . . . , N^2) , (A.1)

where i_a, j_a are integers within the range 1 ≤ i_a, j_a ≤ N satisfying

a = N (i_a − 1) + j_a . (A.2)

By taking into account that the fermionic matrices ψ_α and ψ̄_α are traceless, integration over the fermionic matrices yields the fermion determinant det M, where the 2(N^2 − 1) × 2(N^2 − 1) matrix M is given by

M_{aα,bβ} = M^′_{aα,bβ} − M^′_N 2_{α,bβ} δ_{iaja} − M^′_{aα,N} 2_β δ_{ibjb} . (A.3)

Here the 2N^2 × 2N^2 matrix M^′ is defined as

M^′_{aα,bβ} = (Γ_μ )_{αβ} tr (t^a[A_μ , t^b]) . (A.4)

The effective action for A_μ can be written as

S_{eff} [A] = S_b[A] − log Det M[A] . (A.5)

Following the idea of the hybrid Monte Carlo algorithm, we introduce auxiliary bosonic hermitean matrices P_μ and consider the action

S_{HMC}[P, A] = 1 2 tr (P_μ )^2 + S_{eff} [A] . (A.6)

Since P_μ does not couple to A_μ , we retrieve the original model trivially by integrating out P_μ . We regard the action S_{HMC}[P, A] as the hamiltonian of a classical system described by A_μ (τ) and its conjugate momentum P_μ (τ), where τ denotes the fictitious time of the classical system. Then as an update procedure, we may take the old configuration (P, A) as the initial configuration (P (0), A(0)) and solve Hamilton’s equation

d(A_μ )_{ij} dτ = ∂S_{HMC} ∂(P_μ )_{ij}

= (P_μ )_{ji} , (A.7)

d(P_μ )_{ij} dτ = − ∂S_{HMC} ∂(A_μ )_{ij} = − ∂S_{eff} ∂(A_μ )_{ij} = N � −[A_ν , [A_μ , A_ν ]] + 2 i α ϵ_{μνρ} A_ν A_ρ � ji − Tr � M^{−1} ∂M ∂(A_μ )_{ij} � (A.8)

for a finite fictitious time T (this defines “one trajectory”) to obtain (P (T ), A(T )). The symbol Tr in (A.8) denotes a trace over the 2 (N^2 −1)-dimensional index, and the derivative ∂M ∂(A_μ )_{ij} is given explicitly by

∂M_{aα,bβ} ∂(A_μ )_{ij}

= −(Γ_μ )_{αβ} � [t^b, t^a] � ji . (A.9)

– 14 –

Since the trace of A_μ is not conserved during the evolution, we subtract the trace part A^′_μ = A_μ (T ) −

�_1 N tr A_μ (T ) � 1. Thus we obtain the updated configuration (P^′, A^′), where P^′_μ = P_μ (T ). Due to the hamiltonian conservation, this update procedure preserves the action S_{HMC}[P, A]. Using also the fact that the transition between (P, A) and (−P^′, A^′) is reversible, one can readily verify the detailed balance. After each trajectory, we update the momentum P_μ fixing A_μ , which can be done by simply generating gaussian variables since the P_μ -dependent part of the action (A.6) is gaussian. This procedure is necessary to avoid the ergodicity problem.

In actual calculations we have to discretize Hamilton’s equation (A.8). The reversibility of the time evolution can be preserved by using the so-called leap-frog discretization, but the hamiltonian conservation is inevitably violated. However, we may accept the configuration (P^′, A^′) as the updated configuration with the probability max(1, e^{−ΔS HMC} ), where ΔS_{HMC} = S_{HMC}[P^′, A^′] − S_{HMC}[P, A], and duplicate the old configuration when rejected. By adding such a Metropolis accept/reject procedure, we can preserve the detailed balance. The step size Δτ for the time evolution should be small enough to keep the acceptance rate reasonably high. Discretized Hamilton’s equation is given by

(P^{(1/2)}_μ )_{ij} = (P^{(0)}_μ )_{ij} − Δτ 2 dS_{eff} d(A_μ )_{ij}

(A^{(0)}_μ ) ,

(A^{(1)}_μ )_{ij} = (A^{(0)}_μ )_{ij} + Δτ (P^{(1/2)}_μ )_{ji} , (A.10)

(P^{(n+1/2)} μ )_{ij} = (P^{(n−1/2)}_μ )_{ij} − Δτ dS_{eff} d(A_μ )_{ij}

(A^{(n)}_μ ) ,

(A^{(n+1)}_μ )_{ij} = (A^{(n)}_μ )_{ij} + Δτ (P^{(n+1/2)}_μ )_{ji} , (A.11)

(P^{(ν)}_μ )_{ij} = (P^{(ν−1/2)}_μ )_{ij} − Δτ 2 dS_{eff} d(A_μ )_{ij}

(A^{(ν)}_μ ) , (A.12)

where n = 1, 2, · · · , ν − 1 and T = ν Δτ, and we have introduced the short-hand notation P^{(r)}_μ = P_μ (r Δτ) and A^{(r)}_μ = A_μ (r Δτ). At each step of the “Molecular Dynamics”, we have to calculate the inverse M^{−1} , and at the end of each trajectory, we have to calculate det M. These are the dominant part of the numerical calculation, and it requires a CPU time of the order of O(N^6).

The hybrid Monte Carlo algorithm involves two parameters T and Δτ, which can be optimized in such a way that the computational effort for obtaining one statistically independent configuration is minimized. The optimization can be done in a standard way [12]. First we fix T and optimize Δτ so that the effective speed of motion in the configuration space, which is given by the acceptance rate times Δτ, is maximized. Using the Δτ optimized for each T , we minimize the autocorrelation time (in units of “Molecular Dynamics step”) with respect to T . For instance, at N = 16 and α = 0.0 we obtain the optimal values Δτ ∼ 0.006 and T ∼ 1.0.

B. One-loop free energy

In this section we formulate the perturbation theory around fuzzy sphere solutions, and derive the one-loop free energy. We decompose A_μ , ψ and ψ̄ into the classical background

– 15 – and the fluctuation as

A_μ = X_μ + Ã_μ , (B.1) ψ = χ + ψ̃ , ψ̄ =χ̄ + ~ψ̄ , (B.2)

and obtain the free energy around the classical solutions by integrating over Ã_μ , ψ̃ and ~ψ̄ perturbatively. Here we take the classical solution to be the k coincident fuzzy spheres X_μ = A^{(kS2)}_μ , χ =χ̄ = 0, which includes the single fuzzy sphere as a special case k = 1.

In order to remove the zero modes associated with the SU(N) invariance, we introduce the gauge fixing term and the corresponding ghost term

S_{g.f.} = − N 2 tr [ X_μ , A_μ ]^2 , (B.3)

S_{ghost} = −N tr ( [ X_μ ,c̄ ] [ A_μ , c ] ) = N tr (c̄ [ X_μ , [ A_μ , c ] ] ) , (B.4)

where c and c̄ are the ghost and anti-ghost fields respectively.

The total action S_{total} = S + S_{g.f.} + S_{ghost} can be written as

S_{total} = S_{cl} + S_{kin} + S_{int} , (B.5)

S_{cl} = N tr � �− 1 4 [X_μ , X_ν ]^2 + 2 3 i α 3� i,j,k=1

ϵ_{ijk} X_i X_j X_k � � , (B.6)

S_{kin} = N tr � −[ Ã_μ , Ã_ν ][X_μ , X_ν ] + i α 3� i,j,k=1

ϵ_{ijk} [ Ã_i, Ã_j ] X_k −

− 1 2 [X_μ , Ã_ν ]^2 +c̄ [ X_μ , [ X_μ , c ] ] − ~ψ̄ Γ_μ [ X_μ , ψ̃ ] � , (B.7)

S_{int} = N tr � −[ Ã_μ , Ã_ν ][X_μ , Ã_ν ] − 1 4 [Ã_μ , Ã_ν ][Ã_μ , Ã_ν ] +

+ 2 3 i α 3� i,j,k=1

ϵ_{ijk} Ã_i Ã_j Ã_k +c̄ [ X_μ , [ Ã_μ , c ] ] − ~ψ̄ Γ_μ [ Ã_μ , ψ̃ ] � . (B.8)

The linear terms in Ã_μ cancel since X_μ satisfies the classical equation of motion.

Noting that the background configuration X_μ includes a factor of α, we can rescale the fluctuations as Ã_μ → α Ã_μ , c → α c, c̄ → αc̄, ψ̃ → α^32 ψ̃, ~ψ̄ → α^32 ~ψ̄ so that all the terms in the total action S_{total} become proportional to α^4. This means that the expansion parameter of the present perturbation theory is^1_{α 4} .

The free energy W is defined by

e^{−W} = � dÃ dc dc̄ d ψ̃ d ~ψ̄ e^{−S total} , (B.9)

which can be calculated as a perturbative expansion W =

�_∞

j=0 W_j , where W_j = O(α^{4(1−j)} ) . The classical part is simply given by W_0 = S_b[X] . In order to evaluate the

– 16 – one-loop term W_1, we note that the kinetic terms can be written as

S_{kin} = N tr � 1 2 Ã_ν (P_λ )^2Ã_ν +c̄ (P_λ )^2c � − N tr � ~ψ̄Γ_μ P_μ ψ̃ � , (B.10)

where we have introduced the operator P_μ which acts on a traceless N × N matrix M as P_μ M ≡ [X_μ , M] . (B.11) Then the one-loop term can be expressed as W_1 = W_{1,b} + W_{1,f} , (B.12) W_{1,b} = T r log � N (P_μ )^2 � , (B.13) W_{1,f} = −T r^′ log ( N Γ_μ P_μ ) , (B.14) where the symbol T r denotes the trace in the (N^2 − 1)-dimensional linear space which consists of traceless N × N matrices, and T r^′ includes the trace over spinor indices as well. B.1 Single fuzzy sphere Let us first consider the single fuzzy sphere X_μ = A^{(S2)}_μ . The classical part is given by

W_0 = − 1 24 N^2 α^4 (N^2 − 1) , (B.15) and the one-loop terms can be written as W_{1,b} = T r log ( N α^2 Q ) , (B.16) W_{1,f} = −T r^′ log ( N α D ) . (B.17) The operators Q and D are defined as Q = 3� i=1 (L_i)^2 , D = 3� i=1 σ_i L_i , (B.18)

where L_i acts on a traceless N × N matrix M as L_i M ≡ [L^{(N)}_i , M]. In order to evaluate the one-loop terms, we need to solve the eigenvalue problem of the operators Q and D.

The eigenvectors of the operator Q are given by the “matrix spherical harmonics” Y_{lm} (l = 0, 1, · · · , N − 1 and m = −l, · · · , l), which span a complete basis of the space of N × N matrices and have the properties analogous to the usual spherical harmonics such as 1 N tr � Y^†_{lm}Y_l′_m′ � = δ_{l l}′ δ_{m m}′ , (B.19) Y^†_{lm} = (−1)^mY_{l,−m} . (B.20) The corresponding eigenvalues are given by l (l + 1); i.e., Q Y_{lm} = l (l + 1) Y_{lm} . (B.21)

– 17 –

Thus the one-loop term from the bosonic contribution is obtained as

W_{1,b} =

N−1� l=1 (2 l + 1) log � N α^2 l (l + 1) � . (B.22)

Here l = 0 has been omitted from the sum since the trace T r in (B.13) should be taken in the space of traceless N × N matrices.

In order to solve the eigenvalue problem of the operator D, we note that D = 3� i=1 (J_i)^2 − Q − 3 4 , (B.23)

where we have defined the “total angular momentum” operator

J_i = L_i + σ_i 2 . (B.24)

By making a linear combination of eigenvectors of Q with the eigenvalue l (l + 1), we can construct the eigenvectors of both

�_3

i=1 (J_i)^2 and J_3 with the eigenvalues j (j + 1) and m, respectively, where j can be either j = l+^1_2 (l = 0, · · · , N −1) or j = l−^1_2 (l = 1, · · · , N −1), and m takes half-integer values in the range |m| ≤ j. Explicitly, the eigenvectors are given by the “matrix spinorial-spherical harmonics”

Y_{l+} 1_{2 ,m} = � l +^1_2 + m 2 l + 1

Y_{l,m−} 1_2 ⊗ |↑ ⟩ + � l +^1_2 − m

2 l + 1

Y_{l,m+} 1_2 ⊗ |↓ ⟩ , (B.25)

Y^′_{l−} 1_{2 ,m} = � l +^1_2 − m 2 l + 1

Y_{l,m−} 1_2 ⊗ |↑ ⟩ − � l +^1_2 + m

2 l + 1

Y_{l,m+} 1_2 ⊗ |↓ ⟩ , (B.26)

for the cases j = l +^1_2 and j = l −^1_2 , respectively. Here the symbol |↑ ⟩ and |↓ ⟩ denotes the two-dimensional eigenvectors of σ_3 corresponding to the eigenvalues 1 and −1, respectively. From eq. (B.23), the “matrix spinorial-spherical harmonics” are also eigenvectors of D with the eigenvalues

D = j (j + 1) − l (l + 1) − 3 4 (B.27)

= � � � l for j = l + 1 2 −(l + 1) for j = l − 1 2 . (B.28)

Namely we have the relation

D Y_{l+} 1_{2 ,m} = l Y_{l+} 1_{2 ,m} , (B.29) D Y^′_{l−} 1_{2 ,m} = −(l + 1) Y^′_{l−} 1_{2 ,m} . (B.30)

Thus the one-loop term from the fermionic contribution is obtained as

W_{1,f} = −

�_{N−1} � l=1 2 (l + 1) log ( N α l ) +

N−1� l=1 2 l log{ N α (l + 1) } � , (B.31)

– 18 – where l = 0 has been omitted from the first sum since the trace T r^′ in (B.14) should be taken in the space of traceless N × N matrices (and over the spinor indices). Let us rewrite the above expression as

W_{1,f} = −W_{1,b} − (N^2 − 1) log N + log N . (B.32)

Thus the fermionic contribution cancel the bosonic contribution up to the α-independent constant. From (B.15) and (B.32) the one-loop free energy for the single fuzzy sphere is obtained at large N as W_{1−loop} ≃ N^2 � − 1 24 α̃^4 − log N � . (B.33)

B.2 k coincident fuzzy spheres Next we consider the k coincident fuzzy spheres X_μ = A^{(kS2)}_μ . The classical part of the free energy is given by W_0 = − 1 24 α̃^4 (n^2 − 1) . (B.34)

In order to calculate the one-loop term, we consider the n × n version of the matrix spherical harmonics Y^{(n)}_{lm} , and define

Y^{(a,b)}_{lm} ≡ Y^{(n)}_{lm} ⊗ e^{(a,b)} , (B.35)

where e^{(a,b)} denotes a k × k matrix whose (a, b) element is 1 and all the other elements are zero. The N × N matrices Y^{(a,b)}_{lm} form a complete basis of the space of N × N matrices, and they are the eigenvectors of the operator (P_μ )^2 for the present background; i.e.,

(P_μ )^2 Y^{(a,b)}_{lm} = α^2 l (l + 1) Y^{(a,b)}_{lm} . (B.36)

Let us note that the operator (P_μ )^2 has k^2 zero modes corresponding to l = m = 0 with arbitrary (a, b). The mode

�_k

a=1 Y^{(a,a)}_{00} corresponds to the trace mode, which should be omitted due to the traceless condition. Here we omit the other zero modes by hand, and simply consider the non-zero modes. Then the one-loop term W_{1,b} from the bosonic contribution is obtained as

W_{1,b} = k^2 n−1� l=1 (2 l + 1) log � N α^2 l (l + 1) � . (B.37)

The calculation of the fermionic one-loop term proceeds in the same way except that we have to use the matrix spinorial-spherical harmonics for each of k^2 blocks. In this case we have 2k^2 zero modes, and two of them correspond to the trace mode. We omit the other zero modes by hand and obtain

W_{1,f} = −k^2

�_{n−1} � l=1 2 (l + 1) log ( N α l ) + n−1� l=1 2 l log { N α (l + 1) } � . (B.38)

The cancellation between the bosonic contribution and the fermionic one occurs here as well, and the one-loop free energy is given by

W_{1−loop} ≃ N^2 � − 1 24 k^2 α̃^4 − log N � . (B.39)

– 19 –

C. One-loop calculation of various observables

In this section we apply the perturbation theory discussed in the previous section to the one-loop calculation of various observables which are studied by Monte Carlo simulations in this paper. We take the background to be k coincident fuzzy spheres X_μ = A^{(kS2)}_μ , but the results for the single fuzzy sphere can be readily obtained by setting k = 1. As in appendix B.2, we omit the zero modes for k ≥ 2.

We note that the number of loops in the relevant diagrams can be less than the order of 1/α^4 in the perturbative expansion since we are expanding the theory around a nontrivial background. At the one-loop level, the only nontrivial task is to evaluate the tadpole ⟨(Ã_μ )_{ij} ⟩ explicitly, which, however, turns out to vanish due to supersymmetry.

C.1 Propagators and the tadpole The propagators for Ã_μ , the ghosts and the fermion fields are given respectively as � (Ã_μ )_{ij} (Ã_ν )_{kl} � 0 = δ_{μν} 1 n � ab n−1� l=1 l� m=−l 1 N α^2 l (l + 1) � Y^{(a,b)}_{lm} � ij � Y^{(a,b)†} lm � kl , (C.1) � (c)_{km}(c̄)_{pq} � 0 = 1 n � ab n−1� l=1 l� m=−l 1 N α^2 l (l + 1) � Y^{(a,b)}_{lm} � ij � Y^{(a,b)†} lm � kl , (C.2) � (ψ)_{ij} (ψ̄)_{kl} � 0 = − 1 n � ab n−1� l=0 l+^1_2�

m=−l−^1_2 1 N α l � Y^{(a,b)}_{l+ 12 ,m} � ij � Y^{(a,b)†}_{l+ 12 ,m} � kl +

+ 1 n � ab n−1� l=1 l−^1_2�

m=−l+^1_2 1 N α (l + 1) � Y^{′(a,b)}_{l− 12 ,m} � ij � Y^{′(a,b)†}_{l− 12 ,m} � kl , (C.3)

where the symbol ⟨ · ⟩_0 refers to the expectation value calculated using the kinetic term S_{kin} only. The tadpole ⟨Ã_i⟩_{1−loop} (i = 1, 2, 3) at the one-loop level can be calculated as

⟨Ã_i⟩_{1−loop} = � NÃ_i tr � [Ã_ν , Ã_ρ][X_ν , Ã_ρ] � 0 − � NÃ_i tr � c̄ [X_ν , [Ã_ν , c]] � 0 − − � NÃ_i tr � ~ψ̄Γ_ν [Ã_ν , ψ̃] � 0 . (C.4)

By redoing the calculation in ref. [35] in the present model, we find that the bosonic contribution and the fermionic contribution cancel each other even at finite N. We also find that ⟨Ã_4⟩ = 0 to all orders in perturbation theory due to parity invariance A_4 → −A_4.

C.2 One-loop results for various observables Using the propagator and the tadpole obtained in the previous section, we can evaluate various observables easily at the one-loop level. For instance the two-point function �_1 N tr (A_μ )^2 � can be evaluated as follows. Let us decompose it as � 1 N tr (A_μ )^2 � = � 1 N 3� i=1 tr (A_i)^2 � + � 1 N tr (A_4)^2 � . (C.5)

– 20 –

Each term on the r.h.s. can be calculated as � 1 N 3� i=1 tr (A_i)^2 � 1−loop = 1 N 3� i=1 � tr (X_iX_i) + 2 tr � X_i⟨Ã_i⟩_{1−loop} � + ⟨tr (Ã_i)^2⟩_0 �

= α^2 � 1 4 (n^2 − 1) + 0 + 3 α^4 n^2 n−1� l=1 2 l + 1 l (l + 1) � , (C.6) � 1 N tr (A_4)^2 � 1−loop = � 1 N tr (Ã_4)^2 � 0 = 1 α^2 n^2 n−1� l=1 2 l + 1 l (l + 1)

. (C.7)

At large N with fixed α̃ = α √ N, we get 1 N � 1 N tr (A_μ )^2 � 1−loop ≃ 1 N � 1 N 3� i=1 tr (A_i)^2 � 1−loop ≃ 1 4 k^2 α̃^2 . (C.8)

The Chern-Simons term ⟨M⟩ can be evaluated as

⟨M⟩_{1−loop} = 2 i 3 N ϵ_{ijk} � tr (X_iX_j X_k) + 3 tr � X_iX_j ⟨Ã_k⟩_{1−loop} �

= − 1 6 α^3 (n^2 − 1) . (C.9)

At large N with fixed α̃ = α √ N, we obtain 1 √ N ⟨M⟩_{1−loop} ≃ − 1 6 k^2 α̃^3 . (C.10)

The observable ⟨^1_N tr F^2⟩ can be calculated in a similar manner, but we can also obtain it from the exact result (3.3) using (C.10) as � 1 N tr (F_{μν} )^2 � 1−loop = 6 � 1 − 1 N^2 � − 3 α ⟨M⟩_{1−loop} (C.11) ≃ 1 2 k^2 α̃^4 + 6 . (C.12)

C.3 Alternative derivation

Since tr F^2 and M are the operators that appear in the action S, we can obtain their expectation values easily by using the free energy calculated for the k coincident fuzzy sphere in appendix B. Let us deform the bosonic action as

S_b(β_1, β_2, α) = N^2 � 1 4 β_1 tr (F_{μν} )^2 + β_2 α M � (C.13)

with two free parameters β_1, β_2, and define the corresponding free energy as

e^{−W (β 1,β 2,α)} = � dA dψ d ψ̄ e^{−S b(β 1,β 2,α)−S f} . (C.14)

– 21 –

Then ⟨tr (F_{μν} )^2⟩ and ⟨M⟩ can be obtained by � 1 N tr (F_{μν} )^2 � = 4 N^2 ∂W ∂β_1 � � �_{β 1=β 2=1} , (C.15)

⟨M⟩ = 1 α N^2 ∂W ∂β_2 � � β_1=β_2=1

. (C.16)

By rescaling the integration variables as A_μ → β^{− 14}_1 A_μ , ψ → β^{18}_1 ψ and ψ̄ → β^{18}_1 ψ̄, we get

W (β_1, β_2, α) = 3 2 (N^2 − 1) log β_1 + W � 1, 1, α β^{−3/4}_1 β_2 � . (C.17)

Using the one-loop result

W (1, 1, α)_{1−loop} = −

N^2 24 α^4 (n^2 − 1) − k^2 (n^2 − 1) log N + k^2 log n , (C.18)

we can reproduce (C.9) and (C.11).

References

[1] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[2] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B 498 (1997) 467 [hep-th/9612115];

H. Aoki et al., IIB matrix model, Prog. Theor. Phys. Suppl. 134 (1999) 47 [hep-th/9908038].

[3] T. Eguchi and H. Kawai, Reduction of dynamical degrees of freedom in the large-N gauge theory, Phys. Rev. Lett. 48 (1982) 1063.

[4] J. Nishimura, Lattice superstring and noncommutative geometry, Nucl. Phys. 129 (Proc.

Suppl.) (2004) 121 [hep-lat/0310019].

[5] J. Nishimura and F. Sugino, Dynamical generation of four-dimensional space-time in the IIB matrix model, JHEP 05 (2002) 001 [hep-th/0111102].

[6] H. Kawai, S. Kawamoto, T. Kuroki, T. Matsuo and S. Shinohara, Mean field approximation of IIB matrix model and emergence of four-dimensional space-time, Nucl. Phys. B 647 (2002) 153 [hep-th/0204240].

[7] H. Kawai, S. Kawamoto, T. Kuroki and S. Shinohara, Improved perturbation theory and four-dimensional space-time in IIB matrix model, Prog. Theor. Phys. 109 (2003) 115 [hep-th/0211272].

[8] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Effective actions of matrix models on homogeneous spaces, Nucl. Phys. B 679 (2004) 143 [hep-th/0307007].

[9] H. Aoki, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Space-time structures from IIB matrix model, Prog. Theor. Phys. 99 (1998) 713 [hep-th/9802085].

[10] T. Hotta, J. Nishimura and A. Tsuchiya, Dynamical aspects of large-N reduced models, Nucl.

Phys. B 545 (1999) 543 [hep-th/9811220].

– 22 –

[11] J. Ambjørn, K.N. Anagnostopoulos, W. Bietenholz, T. Hotta and J. Nishimura, Large-N dynamics of dimensionally reduced 4D SU(N) super Yang-Mills theory, JHEP 07 (2000) 013 [hep-th/0003208].

[12] J. Ambjørn, K.N. Anagnostopoulos, W. Bietenholz, T. Hotta and J. Nishimura, Monte Carlo studies of the IIB matrix model at large N, JHEP 07 (2000) 011 [hep-th/0005147].

[13] J. Nishimura and G. Vernizzi, Spontaneous breakdown of Lorentz invariance in IIB matrix model, JHEP 04 (2000) 015 [hep-th/0003223]; Brane world from IIB matrices, Phys. Rev. Lett. 85 (2000) 4664 [hep-th/0007022].

[14] Z. Burda, B. Petersson and J. Tabaczek, Geometry of reduced supersymmetric 4D Yang-Mills integrals, Nucl. Phys. B 602 (2001) 399 [hep-lat/0012001].

[15] J. Ambjørn, K.N. Anagnostopoulos, W. Bietenholz, F. Hofheinz and J. Nishimura, On the spontaneous breakdown of Lorentz symmetry in matrix models of superstrings, Phys. Rev. D 65 (2002) 086001 [hep-th/0104260].

[16] J. Nishimura, Exactly solvable matrix models for the dynamical generation of space-time in superstring theory, Phys. Rev. D 65 (2002) 105012 [hep-th/0108070].

[17] K.N. Anagnostopoulos and J. Nishimura, New approach to the complex-action problem and its application to a nonperturbative study of superstring theory, Phys. Rev. D 66 (2002) 106008 [hep-th/0108041].

[18] G. Vernizzi and J.F. Wheater, Rotational symmetry breaking in multi-matrix models, Phys.

Rev. D 66 (2002) 085024 [hep-th/0206226].

[19] J. Nishimura, T. Okubo and F. Sugino, Gaussian expansion analysis of a matrix model with the spontaneous breakdown of rotational symmetry, Prog. Theor. Phys. 114 (2005) 487 [hep-th/0412194].

[20] S. Bal, M. Hanada, H. Kawai and F. Kubo, Fuzzy torus in matrix model, hep-th/0412303.

[21] J. Madore, The fuzzy sphere, Class. and Quant. Grav. 9 (1992) 69.

[22] A.Y. Alekseev, A. Recknagel and V. Schomerus, Brane dynamics in background fluxes and non-commutative geometry, JHEP 05 (2000) 010 [hep-th/0003187].

[23] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Noncommutative gauge theory on fuzzy sphere from matrix model, Nucl. Phys. B 604 (2001) 121 [hep-th/0101102].

[24] Y. Kimura, Noncommutative gauge theory on fuzzy four-sphere and matrix model, Nucl.

Phys. B 637 (2002) 177 [hep-th/0204256].

[25] Y. Kitazawa, Matrix models in homogeneous spaces, Nucl. Phys. B 642 (2002) 210 [hep-th/0207115].

[26] Y. Kimura, On higher dimensional fuzzy spherical branes, Nucl. Phys. B 664 (2003) 512 [hep-th/0301055].

[27] G. Bonelli, Matrix strings in pp-wave backgrounds from deformed super Yang-Mills theory, JHEP 08 (2002) 022 [hep-th/0205213].

[28] P. Valtancoli, Stability of the fuzzy sphere solution from matrix model, Int. J. Mod. Phys. A 18 (2003) 967 [hep-th/0206075].

[29] H. Steinacker, Quantized gauge theory on the fuzzy sphere as random matrix model, Nucl.

Phys. B 679 (2004) 66 [hep-th/0307075].

– 23 –

[30] S. Bal and H. Takata, Interaction between two fuzzy spheres, Int. J. Mod. Phys. A 17 (2002) 2445 [hep-th/0108002].

[31] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Quantum corrections on fuzzy sphere, Nucl. Phys. B 665 (2003) 520 [hep-th/0303120].

[32] Y. Kimura, Myers effect and tachyon condensation, Nucl. Phys. B 692 (2004) 394 [hep-th/0309082].

[33] T. Imai and Y. Takayama, Stability of fuzzy S^2 × S^2 geometry in IIB matrix model, Nucl.

Phys. B 686 (2004) 248 [hep-th/0312241].

[34] Y. Kimura, Nonabelian gauge field and dual description of fuzzy sphere, JHEP 04 (2004) 058 [hep-th/0402044].

[35] Y. Kitazawa, Y. Takayama and D. Tomino, Correlators of matrix models on homogeneous spaces, Nucl. Phys. B 700 (2004) 183 [hep-th/0403242].

[36] H. Aoki, S. Iso, T. Maeda and K. Nagao, Dynamical generation of a nontrivial index on the fuzzy 2-sphere, Phys. Rev. D 71 (2005) 045017 [hep-th/0412052].

[37] Y. Kitazawa, Y. Takayama and D. Tomino, Wilson line correlators in N = 4 non-commutative gauge theory on S^2 × S^2, Nucl. Phys. B 715 (2005) 665 [hep-th/0412312].

[38] H. Kaneko, Y. Kitazawa and D. Tomino, Stability of fuzzy S^2 × S^2 × S^2 in IIB type matrix models, Nucl. Phys. B 725 (2005) 93 [hep-th/0506033].

[39] P. Castro-Villarreal, R. Delgadillo-Blando and B. Ydri, Quantum effective potential for U(1) fields on S^2_L × S^2_L, hep-th/0506044.

[40] R.C. Myers, Dielectric-branes, JHEP 12 (1999) 022 [hep-th/9910053].

[41] S. Iso and H. Kawai, Space-time and matter in IIB matrix model: gauge symmetry and diffeomorphism, Int. J. Mod. Phys. A 15 (2000) 651 [hep-th/9903217].

[42] J. Ambjørn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Finite N matrix models of noncommutative gauge theory, JHEP 11 (1999) 029 [hep-th/9911041]; Nonperturbative dynamics of noncommutative gauge theory, Phys. Lett. B 480 (2000) 399 [hep-th/0002158]; Lattice gauge fields and discrete noncommutative Yang-Mills theory, JHEP 05 (2000) 023 [hep-th/0004147].

[43] W. Bietenholz, F. Hofheinz and J. Nishimura, The renormalizability of 2D Yang-Mills theory on a non-commutative geometry, JHEP 09 (2002) 009 [hep-th/0203151]; J. Ambjørn and S. Catterall, Stripes from (noncommutative) stars, Phys. Lett. B 549 (2002) 253 [hep-lat/0209106];

W. Bietenholz, F. Hofheinz and J. Nishimura, Phase diagram and dispersion relation of the non-commutative λϕ^4 model in D = 3, JHEP 06 (2004) 042 [hep-th/0404020]; On the relation between non-commutative field theories at θ = ∞ and large-N matrix field theories, JHEP 05 (2004) 047 [hep-th/0404179].

[44] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 09 (1999) 032 [hep-th/9908142].

[45] S. Doplicher, K. Fredenhagen and J.E. Roberts, The quantum structure of space-time at the Planck scale and quantum fields, Commun. Math. Phys. 172 (1995) 187 [hep-th/0303037].

[46] B.P. Dolan and D. O’Connor, A fuzzy three sphere and fuzzy tori, JHEP 10 (2003) 060 [hep-th/0306231].

– 24 –

[47] D. O’Connor, Field theory on low dimensional fuzzy spaces, Mod. Phys. Lett. A 18 (2003) 2423.

[48] H. Grosse, C. Klimčík and P. Prešnajder, Towards finite quantum field theory in noncommutative geometry, Int. J. Theor. Phys. 35 (1996) 231 [hep-th/9505175].

[49] H. Grosse and J. Madore, A noncommutative version of the Schwinger model, Phys. Lett. B 283 (1992) 218;

H. Grosse and P. Presnajder, The Dirac operator on the fuzzy sphere, Lett. Math. Phys. 33 (1995) 171;

H. Grosse, C. Klimčík and P. Prešnajder, Field theory on a supersymmetric lattice, Commun. Math. Phys. 185 (1997) 155 [hep-th/9507074]; N = 2 superalgebra and non-commutative geometry, hep-th/9603071.

[50] U. Carow-Watamura and S. Watamura, Chirality and Dirac operator on noncommutative sphere, Commun. Math. Phys. 183 (1997) 365 [hep-th/9605003]; Noncommutative geometry and gauge theory on fuzzy sphere, Commun. Math. Phys. 212 (2000) 395 [hep-th/9801195].

[51] H. Grosse and P. Prešnajder, A treatment of the Schwinger model within noncommutative geometry, hep-th/9805085; A noncommutative regularization of the Schwinger model, Lett. Math. Phys. 46 (1998) 61.

[52] A.P. Balachandran and S. Vaidya, Instantons and chiral anomaly in fuzzy physics, Int. J.

Mod. Phys. A 16 (2001) 17 [hep-th/9910129].

[53] A.P. Balachandran, T.R. Govindarajan and B. Ydri, The fermion doubling problem and noncommutative geometry, Mod. Phys. Lett. A 15 (2000) 1279 [hep-th/9911087].

[54] P. Prešnajder, The origin of chiral anomaly and the noncommutative geometry, J. Math.

Phys. 41 (2000) 2789 [hep-th/9912050].

[55] A.P. Balachandran, T.R. Govindarajan and B. Ydri, The fermion doubling problem and noncommutative geometry, II, hep-th/0006216.

[56] J. Nishimura and M.A. Vazquez-Mozo, Noncommutative chiral gauge theories on the lattice with manifest star-gauge invariance, JHEP 08 (2001) 033 [hep-th/0107110].

[57] H. Aoki, S. Iso and K. Nagao, Chiral anomaly on fuzzy 2-sphere, Phys. Rev. D 67 (2003) 065018 [hep-th/0209137].

[58] H. Aoki, S. Iso and K. Nagao, Ginsparg-Wilson relation, topological invariants and finite noncommutative geometry, Phys. Rev. D 67 (2003) 085005 [hep-th/0209223].

[59] B. Ydri, Noncommutative chiral anomaly and the Dirac-Ginsparg-Wilson operator, JHEP 08 (2003) 046 [hep-th/0211209].

[60] S. Iso and K. Nagao, Chiral anomaly and Ginsparg-Wilson relation on the noncommutative torus, Prog. Theor. Phys. 109 (2003) 1017 [hep-th/0212284].

[61] A.P. Balachandran and G. Immirzi, The fuzzy Ginsparg-Wilson algebra: a solution of the fermion doubling problem, Phys. Rev. D 68 (2003) 065023 [hep-th/0301242].

[62] K. Nagao, Matrix model and Ginsparg-Wilson relation, Nucl. Phys. 129 (Proc. Suppl.) (2004) 501 [hep-th/0309153].

[63] H. Aoki, S. Iso and K. Nagao, Ginsparg-Wilson relation and ’t Hooft-Polyakov monopole on fuzzy 2-sphere, Nucl. Phys. B 684 (2004) 162 [hep-th/0312199].

– 25 –

[64] P. Forgacs and N.S. Manton, Space-time symmetries in gauge theories, Commun. Math.

Phys. 72 (1980) 15.

[65] D. Kapetanakis and G. Zoupanos, Coset space dimensional reduction of gauge theories, Phys.

Rept. 219 (1992) 1.

[66] P. Aschieri, J. Madore, P. Manousselis and G. Zoupanos, Dimensional reduction over fuzzy coset spaces, JHEP 04 (2004) 034 [hep-th/0310072].

[67] P. Aschieri, J. Madore, P. Manousselis and G. Zoupanos, Unified theories from fuzzy extra dimensions, Fortschr. Phys. 52 (2004) 718 [hep-th/0401200].

[68] T. Azuma, S. Bal, K. Nagao and J. Nishimura, Nonperturbative studies of fuzzy spheres in a matrix model with the Chern-Simons term, JHEP 05 (2004) 005 [hep-th/0401038].

[69] T. Azuma, S. Bal, K. Nagao and J. Nishimura, Absence of a fuzzy S^4 phase in the dimensionally reduced 5D Yang-Mills-Chern-Simons model, JHEP 07 (2004) 066 [hep-th/0405096].

[70] T. Azuma, S. Bal, K. Nagao and J. Nishimura, Dynamical aspects of the fuzzy CP^2 in the large-N reduced model with a cubic term, hep-th/0405277.

[71] T. Azuma, K. Nagao and J. Nishimura, Perturbative dynamics of fuzzy spheres at large N, JHEP 06 (2005) 081 [hep-th/0410263].

[72] T. Azuma, S. Bal and J. Nishimura, Dynamical generation of gauge groups in the massive Yang-Mills-Chern-Simons matrix model, Phys. Rev. D 72 (2005) 066005 [hep-th/0504217].

[73] T. Azuma, S. Bal, K. Nagao and J. Nishimura, Perturbative versus nonperturbative dynamics of the fuzzy S^2 × S^2, hep-th/0506205.

[74] W. Krauth, H. Nicolai and M. Staudacher, Monte Carlo approach to M-theory, Phys. Lett. B 431 (1998) 31 [hep-th/9803117].

[75] W. Krauth and M. Staudacher, Finite Yang-Mills integrals, Phys. Lett. B 435 (1998) 350 [hep-th/9804199].

[76] P. Austing and J.F. Wheater, The convergence of Yang-Mills integrals, JHEP 02 (2001) 028 [hep-th/0101071].

[77] P. Austing and J.F. Wheater, Convergent Yang-Mills matrix theories, JHEP 04 (2001) 019 [hep-th/0103159].

[78] P. Austing and J.F. Wheater, Adding a Myers term to the IIB matrix model, JHEP 11 (2003) 009 [hep-th/0310170].

[79] W. Krauth and M. Staudacher, Eigenvalue distributions in Yang-Mills integrals, Phys. Lett.

B 453 (1999) 253 [hep-th/9902113].

[80] Z. Burda, B. Petersson and M. Wattenberg, Semiclassical geometry of 4D reduced supersymmetric Yang-Mills integrals, JHEP 03 (2005) 058 [hep-th/0503032].

– 26 –